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Abstract. In this paper, a novel continuous genetic algorithm (CGA) approach is
proposed for the solution of Laplace, Poisson, Helmholtz, and nonlinear partial differ-
ential equations (PDEs) due to their importance as they are encountered in a variety of
mathematical and physical systems. The approach is formulated by firstly converting
the equation into an algebraic equation using the finite difference scheme which approxi-
mates its partial derivatives. Then, the residual value of each interior node is calculated
based on the nodal values generated by the CGA. The solution is finally obtained based
on the minimization of the overall residual values and correspondingly maximizing the
fitness value. Different test problems were considered in this work, which cover different
boundary conditions including Dirichlet and Neumann boundary conditions. The solu-
tion obtained using the proposed CGA approach is compared with the exact solutions
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along with the finite difference and finite element methods. Numerical results show the
strength, potentiality, and superiority of the proposed CGA approach.

Keywords: numerical methods, continuous genetic algorithms, partial differential
equations, finite elements method, finite difference method.

1. Introduction

The exact solutions of PDEs are usually unavailable as reported by Morton et al.
and others [28, 41]. Therefore, numerical approximated solutions of these equa-
tions are usually considered. In the modeling of natural phenomena, a crucial
role is played by the study of PDEs of elliptic type as they arise in every field of
science. Consequently, the desire to obtain accurate solutions of these equations
has always a prominent place in the efforts of different scientists [44]. Due to
their importance in science and engineering, PDEs are studied extensively by
specialists and practitioners [48]. Numerical differentiation, on the other hand,
plays an important role in solving ordinary differential equations (ODEs) and
PDEs, which have been developed to derive useful difference formulas for nu-
merical derivatives. Most techniques of numerical differentiation are classified
into the following types [31]: finite difference type[16, 17, 34, 43], polynomial
interpolation type [16, 17, 19, 20, 22, 30, 36, 38], [43, 45], operator type [47],
lozenge diagrams [21], and undetermined coefficients [21, 8]. For a brief and
interesting survey, the interested reader may consult [31]. In this paper, we will
consider the solution of Laplace, Poisson, Helmholtz, and nonlinear PDEs. The
Laplace and Poisson’s equations have been considered by many scientists as it
arises in a variety of mathematical and physical systems, ranging through fluid
mechanics, heat conduction, electromagnetism, potential theory, solid mechan-
ics, geometry, probability, number theory, etc. [27, 29, 33, 39, 49]. In the study
of physical problems involving PDEs in both space and time, Helmholtz equa-
tion plays an important role as well. The equation arises when one is looking
for mono-frequency or time-harmonic solutions to the wave equation [18]. Be-
cause of its relationship to the wave equation, the Helmholtz equation becomes
important in the study of electromagnetic radiation, seismology, and acoustics
[26, 50]. Despite the apparent simplicity of the underlying differential relations,
nonlinear PDEs govern a great deal of complex phenomena of motion, reac-
tion, diffusion, equilibrium, conservation, and more. In recent years, a variety
of effective methods have been proposed for the solution of nonlinear PDEs as
seen in the reaction-diffusion equations [51], lattice differential equations [15],
and the heat equation [52]. Genetic algorithms (GAs) have also been applied
to solve problems in computer science, computational physics, molecular chem-
istry, statistics and applied probability. Recently, they were applied for model
order reduction [14], ARMA modeling [5], and system identification [4]. In 2002,
Abo-Hammour developed continuous genetic algorithms (CGAs) as an efficient
method for the solution of optimization problems [8]. This development has
opened the doors for wide applications of the algorithm in the field of engineer-
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ing and mathematics. The CGAs have been successfully applied in the solution
of optimal control problems [6], collision-free Cartesian planning of robot manip-
ulators [7], singular two-point boundary value problems [3], higher-order initial
value problems [2], and nonlinear boundary value problems [1].

2. Problem formulation

A first-order partial differential equation with n independent variables has the
general form

(1) F (x1, x2, · · · , xn, ux1 , ux2 , · · · , uxn) = 0,

where u(x1, x2, · · · , xn) is the unknown function and F (...) is a given function.

A second-order nonlinear partial differential equation with two independent
variables has the form

(2) F (x, y, u, ux, uy, uxx, uxy, uyy) = 0.

The classification of Equation (2) depends on the discriminate σ = b2 − ac,
where

a =
∂F

∂p
, b =

1

2

∂F

∂q
, c =

∂F

∂r
, p = uxx, q = uxy, and r = uyy.

Thus, the classification is made such that σ > 0 is hyperbolic, σ = 0 is parabolic,
and σ < 0 is elliptic [42].

In this paper, we will consider the linear PDEs, which involve Laplace equa-
tion, Poisson equation, and Helmholtz equation, and different types of nonlinear
equations given as following:

Linear equations:

Laplace equation:

(3) ∇2u(x, y) = 0.

Poisson equation:

(4) ∇2u(x, y) = h(x, y).

Helmholtz equation:

(5) ∇2u(x, y) + g(x, y)u(x, y) = h(x, y),

For a general Nonlinear form, the equation may look like

(6) (un0 + a0)∇2u = a1(x, y)un1 + a2(x, y)un2 + a3(x, y)un3 + a4(x, y),

where a0,ni are real number for i = 0, 1, 2, 3, a i(x , y) are functions of x and y
for i = 1, 2, 3, 4.
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Since the exact solution for many partial differential equations usually does
not exist, numerical methods for solving such equations are suggested. The most
widely known numerical methods used for such purpose are the finite difference
methods (FDMs) [9, 10] and finite element methods (FEMs).

The proposed genetic algorithm approach, for numerically approximating the
solution, requires a mapping of the individual residual, R, into a fitness function,
F , in order to convert the minimization problem of R into a maximization
problem of F . For the Laplace equation, in order to find the fitness function,
the finite difference formulas are applied to Equation (3) as following

(7)
ui−1,j − 2ui,j + ui+1,j

h2
+
ui,j−1 − 2ui,j + ui,j+1

k2
= 0,

where ui,j = u(xi, yj), h is the step size of the nodes x and k is the step size of
the nodes y. Similarly, for the Poisson equation, the following is obtained

(8)
ui−1,j − 2ui,j + ui+1,j

h2
+
ui,j−1 − 2ui,j + ui,j+1

k2
= hi,j ,

where hi ,j = h(x i , y j ). Also, for the Helmholtz equation, the following is ob-
tained

(9)
ui−1,j − 2ui,j + ui+1,j

h2
+
ui,j−1 − 2ui,j + ui,j+1

k2
+ gi,jui,j = hi,j ,

where g i ,j = g(x i , y j ). For the general nonlinear form, the fitness function can
be obtained based on the observation that Equation (6) implies that

(10) ui,j = f(xi, yi, ui−1,j , ui+1,j , ui,j−1, ui,j+1),

where

f(xi, yi, ui−1,j , ui+1,j , ui,j−1, ui,j+1)

=

(
h2k2

2h2 + 2k2 − h2k2gi,j

)(
ui−1,j + ui+1,j

h2
+
ui−1,j + ui+1,j

k2
− hi,j

)
.(11)

Then, the residual at each interior node is

(12) ri,j = ui,j − f(xi, yi, ui−1,j , ui+1,j , ui,j−1, ui,j+1).

Hence, the residual of the nonlinear equation in (6) is given by

ri,j = ui,j

(
2

h2
+

2

k2

)
(un0

i,j + a0) + u2i,ja1(i, j)u
n1
i,j + a2(i, j)u

n2
i,j+

a3(i, j)u
n3
i,j + a4(i, j)− (un0

i,j + a0)

(
ui−1,j + ui+1,j

h2
+
ui−1,j + ui+1,j

k2

)
.(13)

As a result, the overall residual at each parent can be written as
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(14) R =

Mx∑
i=1

My∑
j=1

r2i,j

0.5

.

Thus, the suitable fitness function can then be given as

(15) F =
1

1 +R
.

3. Continuous genetic algorithm (CGA)

The main operators of CGA [23] have smooth characteristics and avoid sharp
jumps in the parameter values. First, the random initialization using continuous
surfaces reduce the possibility of highly oscillating values in the neighboring
parameters. Second, the crossover operator(s) using continuous surfaces result
in smooth transition in the parameter values. Third, the mutation process
changes the value of the parameter in smooth transition in the parameter values.
In summary, traditional GA type results in a step-function-like jump in the
parameter values while CGA results in smooth transitions, for more details see
[8].

The advantages of CGA over conventional GA when it is applied to problems
with many parameters [8] are seen as following:

1. In traditional GA, the actual range of the nodal values should lie within the
expected range during the evolution process; otherwise we will not be able
to reach to the optimal solution. This is because the encoding/decoding
processes in conventional GA require the range of values within which the
solution should lie. To overcome this problem, we provide a wide range for
the solution values. In CGA, we initialize the population to lie within some
initial guesses and the GA will use the overall residual values throughout
the evolution process.

2. There are no encoding/decoding processes in CGA. This means that the
execution time of an optimization problem will be smaller in this case if
both GA versions converge in approximately the same number of genera-
tions.

3. The memory requirements of traditional GA are higher than that of the
CGA because the former uses genotype representation of the population
individuals while the later utilizes only the phenotype data. This makes
CGA more appropriate to problems of larger number of parameters.

The continuous genetic algorithm proposed in this work (which is general-
ization of [8]) consists of the following steps:
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1. Initialization: The initial population is divided into four equal segments;
each of them is generated using a different set of smooth functions to generate
various initial populations. The first part of the initial population is generated
using linear combination of one-dimensional Gaussian functions with respect
to x and of one-dimensional Gaussian functions with respect to y, the second
segment of the initial population, is generated using linear combination of one-
dimensional tangent hyperbolic functions with respect to x and one-dimensional
tangent hyperbolic functions with respect to y, the third part is generated using
cosine function while the fourth one is sine function. The four functions are
given as following

g1(xi, yj)=
i

i+j

[
a1(xi)+(b1(xi)−a1(xi))

j−1

My
+c exp

(
−(j−µx)2

2σ2x

)]
+

j

i+ j

[
a2(yj) + (b2(yj)− a2(yj))

j − 1

Mx
+ c exp

(
−(i− µy)2

2σ2y

)]
,(16)

g2(xi, yj) =
i

i+ j

[
a1(xi) + 0.5(b1(xi)− a1(xi))

(
1 + tanh

(
jd − µx
σx

))]
+

j

i+ j

[
a2(yj) + 0.5(b2(yj)− a2(yj))

(
1 + tanh

(
id − µy
σy

))]
,(17)

g3(xi, yj) = a1(xi) + (b1(xi)− a1(xi))

·
[
1− cos

(
πd1 +

π

4

(
c1 tanh

(
2d× j − µx

σx

)
+ 1

))]
+ b2(yj)− (b2(yj)− a2(yj))

·
[
1− cos

(
πd1 +

π

4

(
c1 tanh

(
2d× i− µy

σy

)
+ 1

))]
,(18)

g4(xi, yj) = a1(xi) + (b1(xi)− a1(xi))

sin

(
πd

(
tanh

(
2d2 × j − µx

σx

)
+ 1

))
+a2(yj)− (b2(yj)− a2(yj)) sin

(
πd

(
tanh

(
2d2 × i− µy

σy

)
+ 1

))
,(19)

where 1 ≤ i ≤ Mx+1, 1 ≤ j ≤ My+1, Mx, My are the number of nodes of x
and y respectively, c is a random number in the range [-0.5, 1], d is a random
number in the range [0.3, 0.8], d1 is a random number in the range [0.05, 0.06],
d2 is a random number in the range [0, 1], c1 is a random number in the range
[0.3, 1.8], a1(xi), a2(yj ), b1(xi), b2(yj ) represent the boundary values, µx is a
random number in the range [Mx/4, My/4], σx is random number in the range
[1, Mx/3], µy is a random number in the range [My/4, 3My/4], σy is random
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number in the range [1, My/3]. It is to be noted that µx and µy specify the
center of the function while σx and σyspecify the degree of dispersion of the
curve.

The upper function, g(x, y), is then rescaled within the range [Pmin, Pmax ],
where Pmin, Pmax represents the expected minimum and maximum initial
nodal values.

The above functions are not suitable if all boundary values are equal, instead
of that functions we can use suitable linear combination of g6(x, y) and g7(x,
y) or we can use suitable linear combination of g8(x , y) and g9(x , y) where
g6(x , y), ..., g9(x , y) are

g6(xi, yj) = a+ d

[
1− cos

(
cπ +

ccπ(j − 1)

My + 1

)]
,(20)

g7(xi, yj) = a+ d

[
1− cos

(
cπ +

ccπ(i− 1)

Mx + 1

)]
,(21)

g8(xi, yj) = a+ d sin

(
ccπ(j − 1)

My + 1

)
,(22)

g9(xi, yj) = a+ d sin

(
ccπ(i− 1)

Mx + 1

)
,(23)

where 1 ≤ i ≤ Mx + 1, 1 ≤ j ≤ My + 1, Mx, My are the number of nodes
of x and y respectively a is the boundary value, d is a random number in the
range [-2, 2], c and cc are random numbers in the range [1.9, 2.1]. Note that we
can rotate the above functions to reproduce new functions which give us more
variety of functions. For illustration, Figure 1 shows the initialization at some
given boundary conditions.

2. Evaluation: The fitness is calculated for each individual in the population.

3. Selection: We select Individuals from the current population according
to their relative fitness, in order to receive more suitable copies.

4. Crossover: The way through which information is shared among the pop-
ulation. The crossover process combines the features of two parent individuals,
i.e., P1 and P2, to form two children individuals, say C 1 and C 2 as given by
the equations:

C1(xi, yj) = W (xi, yj)P1(xi, yj) + (1−W (xi, yj))P2(xi, yj),(24)

C2(xi, yj) = (1−W (xi, yj))P1(xi, yj) +W (xi, yj)P2(xi, yj),(25)

where W represents the mixing function in the range [0, 1]. Some types of
weight functions were tested in this work are given by the equations:
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Figure 1: Two-dimensional initialization functions.

Figure 2: Two-dimensional crossover weighting functions.
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W1(xi, yj) =
1

2

[
1 + tanh

(
i− µx
σx

)]
,(26)

W2(xi, yj) =
1

2

[
1 + tanh

(
j − µy
σy

)]
,(27)

W3(xi, yj) =
1

2

[
1 + tanh

(
i− µx
σx

+
j − µy
σy

)]
,(28)

W4(xi, yj) = (1 + i)
w1(x, y)

i+ j + 2
+ (1 + j)

w2(x, y)

i+ j + 2
,(29)

W5(xi, yj) = 1− cos

(
π

2
tanh

(
i− µx
σx

))
,(30)

W6(xi, yj) = 1− cos

(
π

2
tanh

(
j − µy
σy

))
,(31)

W7(xi, yj) = 1− cos

(
π

4

[
tanh

(
i− µx
σx

+
j − µy
σy

)
+ 1

])
,(32)

W8(xi, yj) = (1 + i)
w5(x, y)

i+ j + 2
+ (1 + j)

w6(x, y)

i+ j + 2
,(33)

W9(xi, yj) = sin

(
π

2
tanh

(
i− µx
σx

))
,(34)

W10(xi, yj) = sin

(
π

2
tanh

(
j − µy
σy

))
,(35)

W11(xi, yj) = sin

(
π

4

[
tanh

(
i− µx
σx

+
j − µy
σy

)
+ 1

])
,(36)

W12(xi, yj) = (1 + i)
w9(xi, yj)

i+ j + 2
+ (1 + j)

w10(xi, yj)

i+ j + 2
,(37)

where 1 ≤ i ≤ Mx + 1, 1 ≤ j ≤ My + 1, Mx, My are the number of nodes of
x and y respectively, σx and σy are chosen such that the tangent hyperbolic
function achieves it’s complete transition from -1 to 1 within the given ranges
of both x and y, µx is a random number in the range [Mx/3, 2Mx/3], µy is a
random number in the range [My/3, 2My/3], σx is random number in the range
[1, Mx/4], σy is random number in the range [1, Mx/4]. Figures 2 and [3] show
some weighted functions and Figure 4 shows the crossover process between two
random parents.

5. Mutation: The function of mutation is to make diversity within the
population. The mutation process in CGA is governed by the following formulas:

(38) Cm(xi, yj) = C(xi, yj) + d×M(xi, yj),

where C (xi,yj) represents the child produced through the crossover process,
Cm(x, y) is the mutated child and M (xi,yj) is the mutation function, d repre-
sents a random number within the range [−Rave,Rave], Rave is average overall
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Figure 3: Two-dimensional crossover weighting functions.

residue of the population. The mutation functions are M1(xi,yj), linear combi-
nation of M2 and M3 or linear combination of M4 and M5 were M1, M2, M3,
M4 and M5 are

M1(xi, yj) = exp

(
−(i− µx)2

2σ2x
− (j − µy)2

2σ2y

)
,(39)

M2(xi, yj) = d

(
1− cos

(
(i− 1)cπ

N − 1

))
,(40)

M3(xi, yj) = d

(
1− cos

(
(j − 1)cπ

N − 1

))
,(41)

M4(xi, yj) = d sin

(
(j − 1)cπ

N − 1

)
,(42)

M5(xi, yj) = d sin

(
(i− 1)cπ

N − 1

)
,(43)

where 1 ≤ i ≤ Mx + 1, 1 ≤ j ≤ My + 1, Mx, My are the number of nodes
of x and y respectively, µx is a random number in the range [Mx/3, 2Mx/3], y
is a random number in the range [My/3, 2My/3], σx is random number in the
range [1,Mx/4], σy is random number in the range [1,Mx/4], d is a random
number in the range [-2, 2], and c is a random number in the range [1.9, 2.1].
In mutation process, each individual child undergoes mutation with probability
Pmi. However, for each child that should undergo mutation process, individual
curves are mutated with probability Pmc. If Pmi value is set to 0.5 and Pmc
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Figure 4: Crossover process: (a) first parent, (b) second parent, (c) crossover
function, (d) first child and (e) second child.

value is set to 0.5, then one child out of two children is likely to be mutated,
and within that child, Nc/2 of the solution curves are likely to be mutated [8].
Figure 5 shows the mutation process between two random parents.

6. Replacement: In the replacement process, to complete the life cycle of the
population, the parent population may be replaced by the new one depending
on the replacement scheme that we used.

7. Termination: This process is to terminate the CGA when the best fitness
is obtained, i.e. the fitness reached to the recurred value, or when the number
of generation reached to the maximum value.

4. Results and illustrations

In this section, we will consider four types of PDEs categorized as Laplace,
Poisson, Helmholtz, and nonlinear PDE. The results will be compared for each
method’s solution in correspondence with the CGA proposed approach.
Problem 1: In this problem, we consider the following Laplace PDE with Neu-
man conditions [16]

(44) ∇2u = 0

with boundary conditions

u(0, y) = y, ux(1, y) = y, uy(x, 0) = x, uy(x, 1) = x.
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Figure 5: Crossover process: (a) first parent, (b) second parent, (c) crossover
function, (d) first child and (e) second child.

Problem 2: Consider the Poisson’s equation with Dirichlet and Neuman condi-
tions

(45) ∇2u = (x2 + y2) exp(xy)

with boundary conditions

u(0, y) = 0, ux(2, y) = exp(2y), u(x, 0) = 1, u(x, 1) = exp(x).

Problem 3: Consider the Helmholtz equation with mixed conditions

(46) ∇2u+ xu(x, y) = (x+ x2) exp(y)

with boundary conditions

u(0, y) = 0, ux(1, y) = exp(y), u(x, 0) = x, uy(x, 1) = x exp(1).

Problem 4: Consider the semilinear elliptic PDE given by

(47) ∇2u− (u+ 1)2 = −1− exp(2(x+ y))

with boundary conditions u(0, y) = exp(y), u(1, y) = exp(y + 1), u(x, 1) =
exp(1 + x), u(x, 2) = exp(x+ 2) on ∂Ω, where Ω = [0, 1]× [1, 2]

To investigate the performance of the proposed CGA method, we analyze
each problem by showing the error whether the exact solution exists or not and
showing the residual values for each problem, which in return, determines the
suitability of the numerical solution for each problem.
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Table 1: Error values using CGA for Problem 1

j\i 1 2 3 4 5 6 7 8 9 10 11
1 1.20E-4 1.40E-4 1.30E-4 1.10E-4 8.26E-5 6.77E-5 5.60E-5 5.37E-5 7.44E-5 1.20E-4 1.20E-4
2 1.30E-4 1.49E-4 1.23E-4 1.05E-4 8.49E-5 6.70E-5 5.22E-5 4.59E-5 5.34E-5 1.11E-4 1.18E-4
3 1.00E-4 9.95E-5 9.19E-5 8.53E-5 7.38E-5 6.48E-5 5.20E-5 4.72E-5 2.28E-5 4.43E-5 6.05E-5
4 5.60E-5 5.53E-5 5.87E-5 5.29E-5 5.28E-5 4.51E-5 4.32E-5 4.37E-5 3.19E-5 1.27E-5 1.97E-5
5 5.20E-6 5.92E-6 1.73E-5 2.32E-5 2.91E-5 2.40E-5 2.52E-5 2.57E-5 1.41E-5 3.60E-6 1.82E-6
6 5.43E-5 5.37E-5 3.81E-5 3.07E-5 1.55E-5 1.56E-5 1.07E-5 1.24E-5 1.20E-5 2.94E-5 2.78E-5
7 1.25E-4 1.24E-4 9.33E-5 8.02E-5 5.91E-5 5.29E-5 4.67E-5 4.29E-5 4.24E-5 4.74E-5 4.48E-5
8 1.96E-4 2.05E-4 1.60E-4 1.33E-4 1.10E-4 9.64E-5 8.67E-5 7.75E-5 6.79E-5 6.52E-5 6.14E-5
9 2.37E-4 2.43E-4 2.34E-4 1.79E-4 1.48E-4 1.29E-4 1.09E-4 9.10E-5 8.49E-5 7.49E-5 7.31E-5
10 2.47E-4 2.51E-4 2.75E-4 2.49E-4 1.96E-4 1.61E-4 1.30E-4 1.03E-4 8.42E-5 4.97E-5 6.70E-5
11 2.43E-4 2.48E-4 2.63E-4 2.49E-4 2.07E-4 1.71E-4 1.33E-4 1.04E-4 8.42E-5 6.88E-5 8.54E-5

Table 2: Residual values using CGA for Problem 1

j\i 1 2 3 4 5 6 7 8 9 10 11
1 1.48E-5 3.18E-6 3.52E-6 7.08E-7 3.09E-6 4.86E-7 4.63E-7 1.81E-6 4.44E-6 1.57E-5 1.16E-6
2 3.75E-6 2.50E-5 5.15E-6 4.92E-6 2.90E-6 3.56E-7 3.06E-6 5.73E-6 1.01E-5 2.71E-5 1.84E-5
3 5.07E-6 2.81E-7 1.98E-7 4.52E-6 1.86E-6 5.25E-6 1.99E-7 6.11E-6 2.14E-5 7.40E-6 3.85E-6
4 1.40E-6 2.75E-7 4.36E-6 2.14E-6 2.53E-6 1.05E-6 1.67E-6 6.74E-6 8.53E-6 1.04E-5 1.36E-6
5 1.83E-6 1.09E-7 4.87E-6 6.04E-6 8.04E-6 3.04E-6 4.63E-6 8.00E-6 3.64E-6 2.50E-6 2.00E-6
6 2.51E-6 9.76E-7 1.97E-6 3.03E-6 3.52E-6 1.83E-6 1.65E-6 2.38E-6 5.52E-6 6.74E-6 1.40E-6
7 9.96E-9 5.16E-6 7.27E-6 1.28E-6 5.72E-6 1.53E-6 1.61E-6 1.86E-6 1.61E-7 1.93E-6 1.16E-6
8 3.19E-6 2.43E-5 6.67E-6 3.48E-7 1.56E-6 1.61E-6 4.18E-6 5.46E-6 3.66E-7 2.28E-6 6.32E-7
9 4.73E-6 1.16E-5 1.95E-5 1.20E-5 5.96E-6 6.30E-7 3.03E-8 2.67E-6 5.40E-6 6.68E-6 3.55E-6
10 1.17E-6 2.24E-6 2.58E-5 2.48E-5 4.11E-6 4.87E-6 3.56E-6 5.41E-7 3.76E-6 2.40E-5 2.52E-6
11 4.01E-6 4.09E-6 9.72E-7 6.83E-6 4.73E-6 4.93E-6 8.84E-7 1.46E-6 1.14E-6 1.51E-6 1.75E-5

In the first problem (Laplace equation type), we use 11 × 11 points, where
x0=0 and x11=1, y0=0 and y11=1. As a result, the errors are shown in Table
1 while the residual values are in Table 2. Figure 6a shows the convergence at
selected points and Figure 6b shows the maximum fitness. It is clear that the
solution converges in about 1600 generations. In the second problem (Poisson
equation type), we use 9 × 11 points, where x0=0 and x9=2, y0=0 and y11=1.
As a result, the errors are shown in Table 3 while the residual values are in
Table 4. Figure 7a shows the convergence at selected points and Figure 7b
shows the maximum fitness. It is clear that the solution converges in about 500
generations. Observing the relations between the errors at each point and the
residual values also shows a mutual correspondence.

In the third problem (Helmholtz equation type), we use 11 × 11 points,
where x0=0 and x11=1, y0 = 0 and y11=1. As a result, the errors are shown in
Table 5 while the residual values are in Table 6. Figure 8a shows the convergence

Table 3: Error values using CGA for Problem 2

j\i 1 2 3 4 5 6 7 8 9
1 0 0 0 0 0 0 0 0 0
2 2.80E-4 3.30E-4 2.10E-4 1.80E-4 1.20E-4 2.00E-4 1.81E-4 2.80E-4 0
3 5.80E-4 6.40E-4 3.90E-4 3.30E-4 2.20E-4 4.40E-4 3.16E-4 4.10E-4 0
4 8.70E-4 8.30E-4 5.30E-4 4.30E-4 2.80E-4 6.00E-4 2.06E-5 5.30E-4 0
5 1.11E-3 9.60E-4 6.20E-4 4.60E-4 3.40E-4 6.10E-4 4.50E-4 7.10E-4 0
6 1.30E-3 1.01E-3 6.40E-4 4.60E-4 3.60E-4 5.90E-4 8.50E-4 9.10E-4 0
7 1.44E-3 1.01E-3 6.00E-4 4.40E-4 3.50E-4 5.60E-4 1.16E-3 1.06E-3 0
8 1.50E-3 9.20E-4 5.50E-4 3.80E-4 3.00E-4 5.30E-4 1.32E-3 1.13E-3 0
9 1.38E-3 7.70E-4 4.50E-4 3.20E-4 2.10E-4 4.90E-4 1.18E-3 1.04E-3 0
10 9.10E-4 4.50E-4 2.50E-4 2.10E-4 1.40E-4 3.40E-4 7.50E-4 7.20E-4 0
11 0 0 0 0 0 0 0 0 0
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(a) Convergence (b) Maximum Fitness

Figure 6: Convergence and Maximum Fitness for the first problem.

Table 4: Residual values using CGA for Problem 2

j\i 1 2 3 4 5 6 7 8 9
1 0 0 0 0 0 0 0 0 0
2 1.76E-5 2.46E-5 3.11E-6 1.21E-5 5.37E-7 6.61E-6 9.84E-5 7.24E-5 0
3 4.04E-7 6.72E-5 7.80E-6 2.93E-5 1.78E-5 8.75E-5 3.30E-4 3.57E-5 0
4 1.09E-5 4.86E-5 9.09E-6 2.49E-5 3.11E-5 1.14E-4 1.42E-4 1.35E-5 0
5 2.11E-5 4.28E-5 1.24E-5 1.22E-5 1.95E-5 2.88E-5 5.31E-5 4.59E-6 0
6 1.34E-5 3.08E-5 9.89E-6 3.25E-7 1.47E-5 1.35E-5 8.61E-6 8.68E-7 0
7 1.36E-5 3.13E-5 1.86E-5 4.88E-6 1.59E-5 5.88E-5 6.49E-5 1.41E-6 0
8 2.59E-5 7.36E-6 4.01E-6 1.38E-5 2.53E-5 6.36E-5 1.29E-4 3.29E-6 0
9 4.17E-5 3.65E-5 1.38E-5 1.79E-6 6.71E-5 2.58E-5 9.16E-5 1.28E-5 0
10 2.13E-5 2.58E-5 1.47E-5 1.07E-5 2.91E-5 1.12E-5 3.87E-5 1.16E-5 0
11 0 0 0 0 0 0 0 0 0

(a) Convergence (b) Maximum Fitness

Figure 7: Convergence and Maximum Fitness for the second problem.
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Table 5: Error values using CGA for Problem 3

j\i 1 2 3 4 5 6 7 8 9 10 11
1 1.75E-1 1.34E-1 3.00E-2 5.97E-2 1.17E-1 1.29E-1 1.04E-1 5.10E-2 2.74E-2 1.12E-1 1.47E-1
2 1.61E-1 1.22E-1 4.46E-2 5.54E-2 1.14E-1 1.28E-1 1.02E-1 4.75E-2 2.98E-2 1.06E-1 1.41E-1
3 1.55E-1 1.25E-1 5.49E-2 5.83E-2 1.20E-1 1.32E-1 1.03E-1 4.82E-2 3.05E-2 1.04E-1 1.34E-1
4 1.48E-1 1.19E-1 4.92E-2 4.88E-2 1.08E-1 1.22E-1 9.53E-2 4.09E-2 3.70E-2 9.30E-2 1.18E-1
5 1.35E-1 1.08E-1 4.03E-2 3.38E-2 8.54E-2 1.01E-1 7.97E-2 3.12E-2 3.73E-2 7.75E-2 9.62E-2
6 1.20E-1 9.49E-2 3.47E-2 1.70E-2 5.81E-2 7.67E-2 6.03E-2 2.23E-2 3.25E-2 6.00E-2 7.39E-2
7 1.02E-1 8.19E-2 3.32E-2 1.13E-3 3.13E-2 5.10E-2 4.13E-2 1.49E-2 2.37E-2 4.26E-2 5.28E-2
8 8.52E-2 6.97E-2 3.19E-2 1.24E-2 8.86E-3 2.89E-2 2.59E-2 1.02E-2 1.35E-2 2.71E-2 3.47E-2
9 7.10E-2 5.94E-2 2.96E-2 2.09E-2 3.14E-3 1.39E-2 1.62E-2 8.87E-3 4.45E-3 1.58E-2 2.16E-2
10 5.65E-2 5.16E-2 3.30E-2 2.12E-2 3.40E-3 1.27E-2 1.66E-2 1.07E-2 1.13E-3 1.12E-2 1.49E-2
11 4.81E-2 4.58E-2 3.90E-2 2.53E-2 6.09E-3 1.00E-2 1.54E-2 1.04E-2 5.96E-4 8.53E-3 1.12E-2

Table 6: Residual values using CGA for Problem 3

j\i 1 2 3 4 5 6 7 8 9 10 11
1 3.04E-2 1.91E-2 1.67E-2 7.73E-3 6.93E-3 4.70E-3 4.37E-3 5.68E-3 6.60E-3 8.87E-3 1.27E-2
2 1.37E-2 2.29E-3 3.67E-3 8.35E-4 3.96E-4 4.12E-4 1.70E-4 3.74E-4 1.03E-3 7.46E-4 9.81E-3
3 1.23E-2 7.05E-3 1.04E-2 9.72E-3 1.05E-2 8.21E-3 4.95E-3 5.39E-3 4.45E-3 5.30E-3 1.04E-2
4 1.23E-2 5.60E-3 5.63E-3 5.81E-3 7.86E-3 6.43E-3 5.55E-3 4.31E-3 3.81E-3 3.11E-3 6.00E-3
5 1.12E-2 4.31E-3 6.18E-3 2.77E-3 4.54E-3 4.03E-3 3.28E-3 2.27E-3 4.17E-3 1.86E-3 3.09E-3
6 9.15E-3 3.36E-3 3.30E-3 9.27E-4 2.13E-3 2.87E-3 2.51E-3 2.35E-3 3.55E-3 1.59E-3 1.59E-3
7 6.13E-3 2.60E-3 2.36E-3 1.26E-3 2.44E-3 2.35E-3 2.32E-3 2.20E-3 1.97E-3 1.77E-3 1.75E-3
8 3.87E-3 1.98E-3 3.12E-3 2.06E-3 4.29E-3 2.89E-3 2.71E-3 2.64E-3 2.23E-3 2.03E-3 2.14E-3
9 5.32E-3 2.44E-3 4.59E-3 4.03E-3 4.81E-3 5.43E-3 4.11E-3 3.39E-3 3.49E-3 2.70E-3 2.60E-3
10 4.48E-3 4.45E-4 2.03E-3 1.15E-3 1.21E-3 1.71E-3 1.29E-3 1.25E-3 9.98E-4 4.40E-4 1.97E-3
11 9.31E-3 5.27E-3 7.95E-3 5.17E-3 3.59E-3 2.49E-3 1.39E-3 1.29E-3 1.18E-3 2.21E-3 4.12E-3

at selected points and Figure 8b shows the maximum fitness. It is clear that the
solution converges in about 4000 generations.

In the fourth problem (nonlinear equation type), we use 11 × 11 points,
where x0=0 and x11=1, y0=1 and y11=2. As a result, the errors are shown in
Table 7 while the residual values are in Table 8. Figure 9a shows the conver-
gence at selected points and Figure 9b shows the maximum fitness. It is clear
that the solution converges in about 400 generations. Observing the relations
between the errors at each point and the residual values, again shows a mutual
correspondence.

Now, in order to investigate the potential of the proposed CGA approach, the
previous four linear partial differential equation boundary value problems have
also been solved using the FDM and FEM for a comparison purpose. Solutions
of the FEM and FDM are summarized in Table 9 and Table 10 respectively,
while the solutions of the CGA are summarized in Table 11.

Table 7: Error values using CGA for Problem 4

j\i 1 2 3 4 5 6 7 8 9 10 11
1 0 0 0 0 0 0 0 0 0 0 0
2 0 7.28E-5 1.20E-4 1.50E-4 1.70E-4 1.30E-4 7.84E-5 6.00E-5 2.20E-4 7.55E-5 0
3 0 1.20E-4 2.20E-4 2.70E-4 2.90E-4 2.80E-4 2.00E-4 1.41E-4 2.07E-4 3.10E-4 0
4 0 1.50E-4 2.70E-4 3.50E-4 3.90E-4 4.20E-4 4.00E-4 3.40E-4 1.91E-5 2.09E-5 0
5 0 1.60E-4 3.00E-4 3.90E-4 4.40E-4 4.60E-4 4.30E-4 3.50E-4 2.60E-4 1.50E-4 0
6 0 1.40E-4 3.00E-4 4.10E-4 4.60E-4 4.90E-4 4.80E-4 4.40E-4 3.40E-4 2.00E-4 0
7 0 1.20E-4 3.10E-4 4.10E-4 4.50E-4 4.90E-4 4.90E-4 4.60E-4 3.90E-4 2.50E-4 0
8 0 8.93E-5 3.47E-5 3.40E-4 3.90E-4 4.40E-4 4.40E-4 4.40E-4 3.70E-4 2.50E-4 0
9 0 4.20E-4 4.35E06 5.16E-5 3.20E-4 3.60E-4 3.80E-4 3.80E-4 3.40E-4 2.40E-4 0
10 0 8.74E-5 2.80E-4 7.00E-5 1.90E-4 2.30E-4 2.50E-4 2.50E-4 2.30E-4 1.70E-4 0
11 0 0 0 0 0 0 0 0 0 0 0
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(a) Convergence (b) Maximum Fitness

Figure 8: Convergence and Maximum Fitness for the third problem.

Table 8: Residual values using CGA for Problem 4

j\i 1 2 3 4 5 6 7 8 9 10 11
1 0 0 0 0 0 0 0 0 0 0 0
2 0 4.15E-5 4.02E-5 2.22E-5 7.90E-5 2.63E-4 5.15E-4 1.62E-3 2.78E-3 1.42E-3 0
3 0 1.67E-5 8.76E-5 7.68E-5 4.30E-5 1.60E-4 5.31E-4 3.08E-3 5.65E-3 3.37E-3 0
4 0 4.62E-5 7.30E-5 9.17E-5 8.98E-5 4.40E-4 7.47E-4 2.47E-3 3.65E-3 1.72E-3 0
5 0 2.27E-5 1.14E-4 8.86E-5 1.40E-4 1.98E-4 2.35E-4 7.06E-4 6.47E-4 3.94E-4 0
6 0 1.80E-4 5.45E-5 7.30E-5 7.42E-5 1.07E-4 1.57E-4 1.28E-4 9.41E-5 2.79E-4 0
7 0 3.97E-4 9.49E-4 2.18E-4 1.30E-4 9.52E-5 1.15E-4 1.22E-4 1.95E-4 5.47E-5 0
8 0 1.99E-3 1.67E-3 1.20E-3 3.04E-4 1.05E-4 1.20E-4 1.50E-4 1.38E-4 4.32E-5 0
9 0 3.27E-3 1.98E-3 2.14E-3 4.00E-4 7.42E-5 1.06E-4 8.29E-5 2.76E-4 6.09E-5 0
10 0 9.08E-4 1.74E-3 7.81E-4 2.79E-4 6.72E-5 3.43E-5 2.53E-5 4.99E-5 5.19E-5 0
11 0 0 0 0 0 0 0 0 0 0 0

(a) Convergence (b) Maximum Fitness

Figure 9: Convergence and Maximum Fitness for the fourth problem.
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Table 9: Numerical results using the FEM approach

# Type Average
error

||Error||∞ ||u||∞ ||Exact||∞ Max.
error

Min.
error

problem 1 Laplace 2.19E-1 5.11 5.38 7.90 2.21E-1 2.16E-1
problem 2 Poisson 4.92E-4 3.22E-2 8.43E+1 8.43E+1 6.38E-3 1.04E-8
problem 3 Helmholtz 1.89E-4 5.26E-3 2.85E+1 28.51E+1 9.65E-4 4.49E-7
problem 4 Nonlinear 1.79E-2 1.50E-1 8.11E+1 8.12 4.99E-2 3.70E-3

Table 10: Numerical results using the FDM approach

# Type Average
error

||Error||∞ ||u||∞ ||Exact||∞ Max.
error

Min.
error

problem 1 Laplace 2.30E-1 2.53 5.90 3.85 2.30E-1 2.30E-1
problem 2 Poisson 1.45E-2 2.17E-1 2.45E+1 2.44E+1 6.29E-2 7.58E-4
problem 3 Helmholtz 7.85E-3 1.42E-1 1.18E+1 1.18E+1 2.64E-2 6.81E-4
problem 4 Nonlinear 1.39E-1 1.18 7.33 7.26 2.88E-1 7.15E-2

As clearly seen from these tables, the proposed CGA approach outperforms
the well known FEM and FDM in different places focusing on the average error.

5. Conclusion

In this paper, continuous genetic algorithms have been implemented for the
solution of PDE’s/PVB’s given in the form of Laplace, Poisson, Helmholtz,
and nonlinear. To investigate the performance of the proposed CGA technique,
the four different problems were solved by the CGA and then compared their
results with the results obtained by the FDM and FEM. Thus, it was concluded
that the CGA performs its operation with different advantages; being a parallel
type method (reduction of computational cost), requires a minimal problem
knowledge, and being, in a sense, non-iterative technique. In addition to that,
one can guess the suitability of the numerical solution to a given problem by the
residual value; that is, whenever the residual value converges to zero the error
converges to zero. Based on the analysis of the illustrative problems, it is shown
clearly that the proposed CGA technique operates with a high potential and is
suitable for solving different types of PDE’s/PVB’s with different advantages as
presented.

Table 11: Numerical results using the CGA approach

# Type Average
error

||Error||∞ ||u||∞ ||Exact||∞ Max.
error

Min.
error

problem 1 Laplace 9.16E-5 5.165E-6 1.23E-3 5.47E-5 2.75E-4 1.81E-6
problem 2 Poisson 6.03E-4 3.37E-5 5.77E-3 4.51E-4 1.49E-3 2.05E-5
problem 3 Helmholtz 3.50E-4 1.74E-5 4.01E-3 2.88E-4 9.25E-4 2.65E-6
problem 4 Nonlinear 2.72E-4 6.55E-4 2.58E-3 9.48E-3 4.88E-4 4.34E-6
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